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A study of absorption enhancement by

wavy film flows

Vikas Patnaik and Horacio Perez-Blanco

Department of Mechanical Engineering, The Pennsylvania State University, University Park, PA, USA

The mass transfer rates into wavy falling films are iarger than those predicted by
smooth-film theory. Inertial, roll waves in the falling film flowing over a vertical tube
are responsible for the largest enhancement. Transient, two-dimensional (2-D) gov-
erning equations were formulated for simultaneous heat and mass transfer in the
film, with roll wave hydrodynamics as input. The equations, coupled nonlinearly at
the vapor-liquid interface, were solved by an iterative finite-difference scheme.
Average heat and mass transfer coefficients were extracted from the results and
compared to experimental as well as theoretical data from the literature. Excellent
agreement with penetration theory was obtained for the smooth film, but in the roll
wave regime, the model predicted much higher transport rates than those possible
with a smooth film. The model resuits indicate that the normal convective flux
attributable to the transverse velocity in its inward phase, coupled with the effect of
the corresponding streamwise velocity, is responsible for transport enhancement in

such wavy films.

Introduction

Absorption technology is becoming increasingly competitive with
vapor compression technology, in light of the environmentally
friendlier working fluids and thermal activation. The absorber
performance largely defines the cycle performance. In the ab-
sorber, refrigerant vapor from the evaporator is absorbed into an
absorbent liquid. A large heat of mixing is usually released as a
result of this, which has to be convected away to maintain the
driving force for the absorption. The modeling of this process
plays a crucial role in the design and performance prediction of
absorption cooling and heating machines and other related equip-
ment.

The vertical tube absorber has found application in some
industrial and commercial chilling machines and is used as a
research tool to study falling film absorption. The vertical tube
configuration lends itself to a number of enhancement techniques
for simultaneous heat and mass transport. The waves arising in
the film due to instabilities associated with the transition regime
play a key role in enhancing absorption.

Pioneering theoretical work was done by Grigor’eva and
Nakoryakov (1977), when they obtained an exact solution to the
combined heat and mass transfer problem during falling-film
absorption. In their model, they assumed an isothermal wall over
which a laminar film of constant thickness flowed and solved for
the temperature and concentration fields, neglecting the effect of
waves. Andberg and Vliet (1983) developed 2 model for non-
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isothermal absorption of water vapor into a laminar film of
aqueous lithium bromide solution flowing down a constant tem-
perature vertical flat plate. They solved the problem numerically
and presented design guidelines for typical absorption cooling
equipment. Grossman (1983) improved the uniform-velocity
model used by Grigor'eva and Nakoryakov by assuming a
parabolic velocity profile. He also extended the model by includ-
ing the adiabatic wall case. He found that the Nusselt and
Sherwood numbers depended on the Peclet and Lewis numbers,
as well as on the equilibrium characteristics of the working
fluids.

Habib and Wood (1990) considered both phases in the simul-
taneous heat and mass transfer in vertical absorbers by including
the momentum and energy equations for the gas (vapor) phase,
along with interfacial drag, in the problem formulation. Their
two-phase cocurrent flow was bounded by an isothermal wall on
the liquid side and an adiabatic wall on the vapor side. The
results of their numerical solution, based on Patankar’s control-
volume discretization (1980), indicated that the absorption rate
increases greatly with absorber (vapor) pressure, inlet solution
concentration, and decreasing isothermal wall temperature. A
finite-element method was employed by van der Wekken et al.
(1988) to solve the same problem for steady, laminar film flow,
described hence by elliptic partial differential equations.

All of the above models yielded steady-state solutions for
smooth films. The waviness of the falling film has been ac-
counted for in some models, but only under isothermal condi-
tions. Beschkov and Boyadjiev (1983) considered such mass
transfer to be an ‘‘elliptic’” phenomenon by retaining the species
diffusion term in the streamwise direction and adopting the
hydrodynamics of Penev et al. (1972) to describe the wavy flow.
Wasden and Dukler (1990) also simulated isothermal mass trans-
fer into falling films. Their numerical analysis assumed the
presence of roll waves (Brauner 1989) at the vapor—liquid inter-
face. This work was extremely useful in illustrating the
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Notation *

A area

C concentration, mole /m>

<, specific heat

D,y liquid diffusion coefficient for binary mixture
AB

G, G, empirical coefficients for wall (coolant) tem-

perature function

I partial enthalpy
i enthalpy
k thermal conductivity
L absorber tube length
m mass (flow) rate
N molar flux
Nu Nusselt number
p pressure
Pr=v/a Prandtl number
q, 0 heat rate
r tube radius
R, (chemical) reaction rate
Re =4wd/v  Reynolds number
Sc=v/D,p  Schmidt number
Sh=«kd/D,, Sherwood number
time
temperature

longitudinal velocity

transverse velocity

concentration, mass fraction
concentration, mole fraction

transverse coordinate (from outer wall)
longitudinal coordinate (from top)

N D T oT oM

Greek

o thermal diffusivity

) film thickness

¢ normalized transverse coordinate

K mass transfer coefficient

v kinematic viscosity

p density

P viscous dissipation

Subscripts

A, B component A, component B in binary mix-
ture

0 initial conditions

abs of absorption

c coolant

eq equilibrium

fe (liquid—vapor) phase-change property

FD fully developed

i inlet

if interface

0 outer wall or bulk, time-averaged outlet con-
ditions
refrigerant
solution (bulk)

v vapor

w wall

Superscripts

- averaged quantity or molal property (see
context)
generation per unit volume

transport-enhancing effects of roll waves, but did not describe the
thermal effects resulting from absorption involving working pairs
that form a nonideal solution.

Nonstationary waves at the falling film surface call for an
unsteady, two-dimensional (2-D) approach to modeling (Patnaik
1994). The present work consists of setting up the governing
equations and boundary conditions for transient simultaneous
heat and mass transfer in the film. The flow regime plays a
crucial role in the transport processes within the falling film.
Figure 1 illustrates the two types of wavy-laminar flow known to
occur: capillary (20 < Re, < 200) and inertial or roll waves (200
< Re, < 1000). In the latter type, a large portion of the flow is
carried by liguid lumps rolling over a thin substrate film. The
substrate can be laminar or itself have capillary waves, but the
rolling waves are gravity driven and of low frequency. This is the
flow regime of interest to this work. A complete velocity field
was formulated obtained for roll waves (Patnaik 1994).

Mathematical model

The analysis is performed based on the following assumptions.

(1) The problem is 2-D in nature; both y (transverse) and z
(longitudinal) directions are of interest.

(2) The falling film is laminar or wavy-laminar (Re, < 1000).

* All quantities in S.l. units.
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(3) The falling film is much thinner than the outer radius of the
absorber tube, ie.; & <r, so that curvature effects are
neglected.

(4) Constant absorbent thermophysical properties and incom-
pressible flow exist.
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Figure 1 a Capillary waves; b roll waves
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(5) Pressure equilibrium exists at the vapor-liquid interface at all
times, according to the vapor pressure data of McNeely
(1979) for LiBr—water solutions.

(6) The vapor is still, with uniform pressure and temperature.

(7) There are no noncondensibles (such as air) in the vapor
phase, so that there is no resistance to mass transfer in this
phase.

(8) The heat transferred from the solution to the vapor is negligi-
ble.

The transport of the absorbate in the liquid film is governed
by the convective—diffusion equation, which is the result of a
mass balance for a differential element of the solution. Expressed
in 2-D Cartesian coordinates, we have the general elliptic form
(Patankar 1988):

aC aC aC D 9°C ¥ C R .
—tw—to—= —+— |+
or Wz Ve AR a2 Ty | T M

Under most conditions of film flow, molecular diffusion in the
streamwise direction is negligible with respect to that in the
transverse direction:
°C ¥ C

—_— e ———

9z° ay?’

No chemical reactions take place, so that R, =0. The convec-
tive—diffusion equation then takes the parabolic form:

ac aC  aC b *C 5
—+w— tv— =Dy

at 3z dy  *Pay? )

The energy equation in its general 2-D form is:

di di di T T ap  p

p—+tpw—+pr—=k|l S+ |+|w - +v—

ar ¥4 ay az ay 0z dy
+pd+g 3)

Viscous dissipation is neglected, because the falling film veloci-
ties are small, along with the contribution of pressure-work.
Finally, analogous to the case of species concentration,

*T 9T

a2 oy
The energy equation then reduces to the parabolic form:

0i i 3 ¥T
p5;+pW5;+pU®=k;;§+q. (4)

The last term represents the heat generated per unit volume
attributable to the diffusion of absorbate into the film, and is
given as:

0 oC  0i s
q ay AB ay P ac |, (5)
for incompressible flow (Grossman and Heath 1984).

The functional relationship i = i(7, C) is readily available for
aqueous lithium bromide (McNeely 1979). We can then write:

0i 9| oT ai]| oC

—=— =+ =] = (6)
ot odT|.9t oC|, ot

0i 9i] o ai ] &C 7
—_— = — —_— + —_— —_—

3z T |0z 3C];0z ™
i 9| oT 3] aC g
—_— = —— 4 — —_—

oy oT|.dy aC |8y ®)
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The quantities (3i /9T and (3i/3C); represent thermodynamic
properties of the absorbent solution. By definition,

3i | T .
;T—C—cp an P3c T—z )

are the specific heat and molal enthalpy, respectively. Substitut-
ing the above results in Equation 4, for constant ¢, we get:

T .oC T aC
[ — + —_— + —
P o ] T\P P T

0T _oC kaZT 0
+ —+i— | =k— +4 1
v pcpay lay 552 q (10)
oT oT oT _{8C oC oC
pe|l—+w—to—|+il —+w—+v—
Py ot 0z dy ot 0z ay
o’T
=k—s +g 11

Substituting from Equations 2 and 5, we get:

T o 8T\ . a*C
pc, —a?-i-WEZ"FUa—' +1i DAB_a_y_?
kazT a aC _ 5
=k—s +—1D,pg—1I 1
ay2 | ay ABay’ (12)

Now, the last term can be written as:

] D aC _ _d D aC D aC 3 . 3
° L il I o 9

ay ABay’ lay ABay ABay ay[l] (13)

For constant molecular diffusivity, the first term on the right-
hand side is identical to the last term on the left-hand side of
equation 12, thereby cancelling each other out in that equation to
give:

oT oT oT k82T D aC o
—Aw—tv—|=k—+ ——1i 14
Pl Tz T ey | T Fayr T FABY, ay L) (4
For moderate changes in temperature and concentration, the
molal enthalpy can be treated as a constant thermophysical
property. Hence, the energy equation takes the following form:

ar ar  oT kaZT

—tw—do— | =k— 15
Pl T T ey ) TRy (15)
ie.

T T T 9T )
—tw—tv—=a—
ot Waz Uay a6y2 (16)

Equation (16) is also a parabolic, second-order partial differential
equation, having the same form as the convective—diffusion
Equation (2).

Equations 2 and 16 are subject to the following boundary
conditions:

(1) a uniform initial concentration and temperature distribution,
ie,at =0, C(z, y,0)=C,, and T(z, y, 0) = T;

(2) a uniform concentration and temperature profile (same as
initial values) at the absorber inlet; i.e. at z=0, C(0, y, ) =
Cy, and T(0, y, t) =T;

(3) because the tube wall is impermeable, at y = 0;

aC
3y |,-0

=0 an
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In addition, for nearly isothermal wall conditions, we have, at
y=0T=T,.

Based on the results of a previous one-dimensional (1-D)
model (Patnaik et al. 1993), the wall or coolant temperature
can be approximated as a linear function of z;ie., I, =G,z
+G,,G; <0, and G; and G, depend on the operating
conditions (e.g., coolant flow rate) of the absorber.

(4) At the wavy interface; i.e., y = 8, the solution and the vapor
are in thermodynamic equilibrium, so that Ty =af(p,) +
b, a=a(Cy), b=0b(Cy). Also, an energy balance at the
interface yields

oc. T

DABalabs = kg; (18)
where

Lps = l:r,l —i,(Tyg, Cy) + ir,fg‘ (19)

Equation 18 indicates that the vapor tlux relative to the
interface is given by molecular diffusion in the liquid imme-
diately adjacent to the interface, any convective effects here
being negligible. An explanation follows.

The molar flux of species A is given by (Bird et al. 1960):

aC,
N, = "DAB_a;_ +X,(N, + Np) (20)
where the second term on the right-hand side represents the
convective component of the flux. Hence, we can write:

ac,
Ny= ~Das +Xa(C0) (21)

where v is the velocity of the fluid relative to the interface.
In the case of the smooth laminar film, there is not transverse
velocity component relative to the interface other than the
small velocity arising from the absorption of liquid. When
the interface itself is being displaced inward or outward,
because of the passage of waves, the interface velocity
caused by absorption is negligible compared to the intrface
velocity attributable to waves. In our case, the former is
~ 107%; whereas, the latter is ~ 1073 m/s. Hence, the net
flux relative to the moving interface is:

aC,
Ny= —Dyp—2 (22)
A AB ay

consistent with Equation 18.

Solution and Results

The main difficulty in seeking a numerical solution for Equations
2 and 16 is that the y = 8 boundary of the computational domain
is changing with space and time. To overcome this ‘‘moving
boundary’’ difficulty, we introduce the normalizing transforma-
tion

C=Y/8(Z’ t) (23)

This converts the domain (z, y, ¢) with a rippled interface y =3
to a domain (z, {, t) with a flat interface { = 1.

The parabolic nature of the equations in both space and time
called for a marching scheme for the solution. The equations
were discretized with backward differencing in space and vertical
coordinates and with central differencing along the traverse coor-
dinate, an approach that results in an unconditionally stable
scheme. At each vertical location, a tridiagonal coefficient matrix
is constructed, in accordance with the second-order nature on
each dependent variable. The resulting tridiagonal system using
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Figure 2 (a) Bulk concentration of abosorbent solution as a
function of time. {b) Bulk temperature as a function of time

the Thomas algorithm (Pletcher et al 1988), with the dependent
variable values at the previous vertical locations and at the
present time and also the values at the present location and at the
previous time as inputs. The transport equations are interlinked
by the boundary conditions, Equations 18 and 19. Convergence
of the two solutions was sought at each level, before proceeding
to the next one, by solving each matrix in succession. The strong
coupling between the two solutions required under relaxation of
the equations.

The assumed operating values are: T, = 40°C; T, = 40°C; and
T,=35°C; x,=060% (salt)=x;; and p,=6.4 mm Hg. The
model was first run for the laminar (Re, < 20) and capillary-wave
regimes. The governing equations were then solved for a range of
Reynolds numbers in the roll-wave regime: 200, 300, 400, 500,
and 600.

In Figure 2, the bulk concentration and temperature are plot-
ted as functions of time, at 0.35 m form the top of the absorber
tube. As expected with increasing dilution, the fluctuating con-
centration decays to a periodic steady-state value of 59% (Figure
2a). Heat transfer to the wall cools the solution, causing the mean
temperature to decrease (Figure 2b). The temperature fluctua-
tions, however, are out of phase with those of the concentration,
because periodically increased absorption liberates heat.

Figure 3 shows the bulk concentration and temperature fluctu-
ating decreasing with distance from the top of the tube at
t = 0.47 s (periodic steady-state). Over a short tube length of 0.35
m, only two roll waves are present at the given instant, causing
the two crests in the bulk concentration and temperature.

The effect of increasing dilution with time is seen by studying
the growth of the concentration boundary layer (Figure 4a). At
the earliest time shown here (¢ = 0.15 s), the effects of absorption
have not yet reached the wall over the length of tube being
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studied (L = 0.35 m); i.e., in the vicinity of the wall, the concen-
tration is still at its initial value of 60%. At the intermediate time
instant of 0.3 s, the boundary layer meets the wall at z = 0.13 m.
This is where the entrance region is separated from the fully
developed region at the given instant of time. Finally, at ¢ = 0.47
s, the end of the entrance region moves only slightly upstream
z=0.11 m. Because of the fluctuations in concentration induced
by the periodic velocity components, the points where the con-
centration boundary layer meets the wall fluctuate about a certain
mean location. The mean location does not move farther up-
stream once periodic steady state has been attained (around
t=0.47s).

In Figure 4b, the two thermal boundary boundary layers have
been plotted, at ¢ = 0.3 s. One boundary layer grows from the
interface and one from the wall. Growth of these boundary layers
follows a path similar to that of the concentration boundary layer,
with the oscillating point beyond which the boundary layers are
fully developed occurring in the bulk of the film.

The periodic steady-state profiles at various locations along
the tube length afford a complementary perspective. Concentra-
tion profiles at three different locations from the top are shown in
Figure 5a, for t = 0.47s. At all three locations, the absorbate has
reached the wall, because the concentration here is no longer at
its initial value of 60%. Wave-induced inflections are seen in the
profiles, particularly nearest to the top of the tube; ie., at
z=10.12 m. At z=0.35 m, the majority of the film has a
concentration that is close to the interfacial value. This represents
a solution approaching saturation. The different film thicknesses
in this figure correspond to different phases of the wave.

The concentration profiles of Figure 5a, in conjunction with
the corresponding velocity fields, suggest an explanation to ab-
sorption enhancement with waves. The abrupt drop in concentra-

Bulk concentration, wt.% LiBr
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5971 - . B R P LLLhis .
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591>> e I . WO

0.0 0.1 0.2 0.3 0.4

Streamwise distance from the top, m

Bulk temperature, °C
41
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39
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L

| L
0.0 0.1 0.2 0.3 0.4

37

Streamwise distance from the top, m

Figure 3 (a) Bulk concentration as function of vertical posi-
tion. (b) Bulk temperature as function of vertical position
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Figure 4 (a) Concentration boundary layer growth with time.
{b) Thermal boundary layers versus distance from the top

tion at the interface corresponding to z=10.12m and z=0.35m
shows the extent of local dilution there. At these z-locations, the
transverse velocity component convects mass and energy toward
the wall (inward), with the maximum value of this velocity
component occurring at the interface. A coincident peak in the
streamwise velocity component (Patnaik 1994) convects down-
ward and mixes the liquid brought in from the interface. On the
other hand, at z=0.23 m, a large portion of the film is at almost
the same concentration as the interface. This absence of signifi-
cant gradients, especially near the interface, coincides with an
outward transverse velocity component of smaller magnitudes
than the component toward the wall. The outward phase spreads
over larger sections of the tube and is characterized by low
streamwise velocities. Hence, a net transport of mass into the
film by the transverse component can be postulated.

Temperature profiles at the same times and locations as in
Figure 5a are plotted in Figure 5b. Again, at z=0.12 m and
z=10.35 m, steep temperature gradients can be observed at the
interface, because of the inward normal velocity at these loca-
tions, while as much as half of the film cross section is at its
saturation temperature at z = 0.23 m. All three profiles collapse
to the constant wall temperature of 35°C at y = 0.

Model validation

To validate the model, the average Sherwood and Nusselt num-
bers are determined over the species fully-developed section of
the absorber (i.e., between z=0.11 m and z=0.35 m, making
Lgp, = 0.24 m). This yields the asymptotic values of the average
coefficients, allowing for comparison, irrespective of absorber
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tube /plate length, with corresponding data in the literature. The
mass transfer coefficient is calculated as follows:

Am
K= —— (24)
ApppLMCD

Consider the numerator:

(xi,FD —x,)

Am,,=m .
x

s
o

_ Res(Z'n'ro)p (xi,FD _xo)
4 x

(25)

In the denominator,
Agp=27r,Lep (26)

[xo ~_xeq(Ta’ Pv)] - [xi,FD _xeq(Ti,FD’ pu)]
xo_xcq(To’ pu)

XiFD _xeq(Ti,FD’ p,)

LMCD =

In

(27)
resulting in the following expression for the Sherwood number:
_ 8Re,Sc( x; pp — X,)

4Lypx , LMCD

(28)
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Figure 5 (a} Concentration profiles at different positions along
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Figure 6 (a) Average Sherwood numbers as functions of
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where the entering LiBr solution Schmidt number for the given
operating conditions is 4145 (Uemura and Hasaba 1964).
Similarly, assuming the absorber heat load to be given by:

q= ms,-cp,(Ti - To) + Amsiabs (29)
the average wall Nusselt number can be derived to be:

- Xipp— X, i,
8ReSPr[(Ti oo—T,)+ (—”’—-) = ]
: Py

c

Nu= =4 (30)
4L, LMTD
where
(To - Tw) - (Ti,FD - Tw)
IMTD = T.-T, (31)
In| ——
Ti,FD - Tw

and the entering solution Prandtl number is 27 (Uemura and
Hasaba 1964).

The transport coefficients were calculated for the smooth film
at Re, = 20, and for varying Re, in the roll wave regime. They
were then compared to experimental and theoretical data in the
literature for other vertical-tube or -plate absorbers in similar
applications.

The average Sherwood number is plotted in Figure 6a versus
the film Reynolds number. There is good agreement between the
model prediction and Higbie’s penetration theory (Seban 1978)
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for the smooth film (Re, = 20); the model yields a value of 5.34,
while Higbie’s theory predicts 5.45. It should be noted that the
latter was developed for isothermal mass transfer. At the same
Re,, the models of Grossman (1983) and Andberg and Vliet
(1983) predict larger Sh numbers, by a factor of 10. Discrepan-
cies in the calculation of the entrance region may explain these
differences, for the fully developed values show better agree-
ment. A composite correlation used by the 1-D model developed
by Patnaik et al. (1993) yields a Sherwood number of 10.98,
nearly twice the Higbie theory value. Inclusion of the entrance
region in the calculation could explain this discrepancy. For
Reynolds numbers in the wavy regime, the 1-D model Sherwood
numbers are intermediate between those predicted by Higbie’s
theory and the 2-D model. A noteworthy feature of the 2-D
model is that the mass transfer coefficient reaches a maximum
value in the roll wave regime (at Reg = 300). It is hypothesized
that the Sherwood number starts to decrease for higher Reynolds
numbers, because the decreasing wave frequencies (Brauner 1989)
yield incomplete waves over the given tube length. Increasing the
flow further would not yield savings in the absorption area, for
constant mass absorbed.

Habib and Wood (1990) assumed a smooth film even at a
Reynolds number of 30, and predict a Sherwood number slightly
below Higbie’s value. Experimental data were found to be avail-
able primarily for the higher side of the capillary wave regime.
Results from Higbie’s theory and Conlisk’s analytical model
(1992) are in close agreement with the data of Morioka et al.
(1993), but the data of Miller et al. (1992) in this regime yield
much higher mass transfer coefficients. Although unexpected at
low Reynolds numbers, roll waves were detected and can explain
the unusually high values of the Sherwood numbers. The present
model predictions for roll waves are compatible with the values
detected by Miller et al., although at different Re numbers.

Heat transfer to the wall (Figure 6b) shows that variations in
the average Nusselt number are not as marked as those in the
Sherwood number. Again, the model seems to overpredict the
data of Morioka et al. (1993). The scatter of the data of Miller et
al. (1992) precludes a close comparison and underlines the
difficulties associated with the transition regime. However, the
range of the measured Nusselt numbers is consistent with the
predictions of the present model. The Nusslet number peaks at
Reynolds numbers in the order of 200, suggesting that increased
film thicknesses tend to increase the resistance to heat transfer.

Conclusions

Waves in falling films enhance absorption over the rates pre-
dicted by smooth-film theories. To model this complex combined
heat and mass transfer process, approximate roll wave hydrody-
namics was derived in previous work. The hydrodynamics was
used here in the energy and species balance equations, coupled
nonlinearly at the vapor-liquid interface. Simultaneous heat and
mass transfer enhancement attributable to roll waves is difficult
to model because of instabilities inherent to the transitional
regime. The model was run for low Reynolds numbers corre-
sponding to the laminar film case and for the roll wave regime.
Calculated average heat and mass transfer coefficients are compa-
rable to those found in the literature at low Reynolds numbers. At
high Reynolds numbers, the dimensionless coefficients are still a
good approximation, but the Reynolds number ranges do not
agree well with experimental values.

This work broadens our understanding of the complex phe-
nomenon of wavy film absorption, and provides a model that can
calculate enhancement. The enhancement associated with roll
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waves is considerable: Sherwood numbers in the order of 300 are
possible; whereas, smooth film measured and calculated values
range from 30 to 80 for the same regime. The enhancement
appears to be a strong function of the wave hydrodynamics: the
velocity component normal to the interface and the downward
velocity are approximately in phase so as to maximize transport
into the film. Clearly, the inclusion of other frequencies in the
model could shift the relative phase between the velocity compo-
nents, but no other dominant frequencies were consistently ob-
served during the study leading to the hydrodynamics formuia-
tion. Hence, the explanation for the observed enhancement of-
fered in the present work is plausible.
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